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Observability of Place/Transition Nets

Alessandro GiuaMember, IEEEand Carla Seatzu

Abstract—In this paper, we discuss the problem of estimating reconstruct the marking that each new firing yields. In this work
the marking of a place/transition (P/T) net based on event obser- we assume that only the net structure is known and consider
vation. We assume that the net structure is known while the ini- 1, cases: 1) the initial marking is not known and 2) the initial
tial marking is totally or partially unknown. We give algorithms L " .
to compute a marking estimate that is a lower bound of the ac- marking is know to belong to a “macromarking,” i.., we know
tual marking. The special structure of Petri nets allows us to use a the token content of subsets of places but not the exact token
simple linear algebraic formalism for estimate and error compu- distribution. Case 2) can in effect be seen as a generalization of
tation. The error between actual marking and estimate is a mono- case 1), but we preferred to handle the two cases separately.
tonically nonincreasing function of the observed word length, and In both cases, we show how itis possible to estimate the actual

words that lead to null error are said complete. We define several Ki fh t based on the ob fi f d of t
observability properties related to the existence of complete words, marking of the net based on the observation or a word of events

and show how they can be proved. To prove some of them, we also(i-€., transition firings) and we give algorithms for computing
introduce a useful tool, the observer coverability graph, i.e., the the estimates and, in case 2), bounds on the error. The estimate
usual coverability graph of a P/T net augmented with a vector that  js always a lower bound of the actual marking. The system that
keeps track of the estimation error on each place of the net. Finally, dcomputes the estimate is called an observer

we show how the estimate generated by the observer may be use ™ ial struct f Petri nets all t imol
to design a state feedback controller for forbidden marking speci- € special structure of Fetri nets allows us 10 use a simple

fications. linear algebraic formalism for estimate and error computation.
Index Terms—Discrete-event systems, observers, Petri nets, stateIn parpcular, the set of markmgs C.OnSIStent with an observed
estimation. word, i.e., the set of markings in which the system may actually
be given the observed word, can be easily characterized as a
convex set of integers.
. INTRODUCTION The error function between the actual marking and the esti-

HIS PAPER deals with the problem of estimating th&'ate can be shown to be a monotonically nonincreasing func-

T marking of a place/transition (P/T) net based on th#on of the observed word length. Observed words that lead
observation of transition firings and presents a set of analytidg@ null error are said to be “complete.” Complete observers
tools to determine several observability properties. An obsen@ the discrete-event counterpart of asymptotic observers for
constructed following this approach can also be used intigie-driven systems.
state-feedback control loop, as discussed in the final part of th" this paper, we define several observability properties and
paper. show that they are decidable. In particular, we consider two main

This framework provides a useful paradigm that can be aproperties. Marking observability (MO) means that there exists
plied to different settings, from discrete-event control, to failurt I€ast one word that is complete, while strong marking observ-
diagnosis and error recovery. The assumption that only event 8bility (SMO) means that all words can be completed in a finite
currences, i.e., transition firings, may be observed—while tiglmber of steps into a complete word.
plant state, i.e., the marking, cannot—is common in discrete\Ve set up a hierarchy considering the possibility that the
event control. The assumption that the state of the plant is A8 Properties are satisfied by a nétstarting from an initial
known (or is only partially known) is natural during error re/markingMo, by anet\ starting from any marking/ reachable
covery. Consider for instance the case of a plant remotely cdfem an initial markingh, (uniform observability) or by a net
trolled: if the communication fails the state may evolve an/ Starting from any marking ilN™ (structural observability)
when the communication is re-established the state will be#fi€rem is the number of places of the net.
best partially known. In a manufacturing environment, one may 10 Prove some of these properties we introduce a useful tool,
consider the case in which resources (i.e., tokens) enter unﬁﬁﬁ observer coverability graphi.e., the usual coverability
served, or in which we know how many resources have ente@@ph of a P/T net augmented with a vector that keeps track of
the system but not their exact location. the estimation error on each place of the net.

When the structure and the initial marking of a P/T net is All the considered properties can be proven either by the use

known, the knowledge of the transition firings is sufficient t&f the observer coverability graph, or by reducing them to other
decision problems (e.g., home-space properties, marking reach-
ability, existence of repetitive sequences) that can be checked
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Finally, we show how the estimate generated by the obsergerver with a marking bigger than the real one and then eliminate
may be used to design a state feedback controller, that ensw@se tokens until the observer and system markings are equal.
that the controlled system never enters a set of forbidden statagerpreted Petri nets have also been used by Ramirez-Trevifio
In the discussion, we assume that all events are controllaklel.in [22] where it was shown that observability defined as in
and we focus on a special class of specifications that limit tE5] is equivalent to observability in [9] and it was shown how
weighted sum of markings in subset of places. Clearly, the ugeconstruct an observer for binary Interpreted Petri nets when
of marking estimates (as opposed to the exact knowledge of the observability property is verified.
actual marking of the plant) leads to a worse performance of theThe issue of controlling a plant with incomplete (state or
closed-loop system in the sense that to rule out the possibildyent) measurements has also been discussed in the discrete
that the plant enter a forbidden marking, the controller may prevent control literature.
vent the firing of transitions whose firing is perfectly legal given Zhang and Holloway [26] used a controlled Petri net model

the actual marking of the plant. for forbidden state avoidance under partaientobservation
. with the assumption that the initial marking be known.
A. Relevant Literature The use of state-feedback control under pastateobser-

Observability is a fundamental property that has receivedvation has been discussed by Li and Wonham [13], [14] and by
lot of attention in the framework of time-driven systems, givehakaietal.[23]. In these papers, the partial observation is due to
the importance of reconstructing plant states that cannot be meatatic mask, that maps the plant state space into an observation
sured. Although less popular in the case of discrete-event s§gace. The main focus was in finding necessary and sufficient
tems, the issue of state estimation and of control under parg@nditions for the existence of “optimal” state feedback control
state observation has been discussed in the literature. laws given a mask (optimal means that the resulting closed-loop

For systems represented as finite automata, Ramadge [R&pavior is the same for the controller with mask and the con-
was the first to show how an observer could be designed fé@ller with complete state observation).

a partially observed system. Unlike the aforementioned approach, the setting we deal with

Caineset al. [3] showed how it is possible to use the inforin this paper assumes that the mask is induced by the computed
mation contained in the past sequence of observations (giveréaimate, and it changes as the plant evolves. Initially, when the
a sequence of observation states and control inputs) to compRtimate is crude, it is often the case that these restrictive “op-
the set of consistent states. In [4], the observer output is usedifaal” conditions are not verified. We propose a control scheme
steer the state of the plant to a desired terminal state. The Hp#t tries to make the best use of the available estimate to ensure
proach in [3] is based on the construction of an observer tr correct behavior of the plant under control.
to determine the set of markings consistent with the observedl'he notion of macromarking used in this paper is similar to
behavior: the tree contains all consistent markings. A similffte notion ofuncertain markingas described by Cardost
approach was also used by Kuneaial.[11] when defining ob- al. [5]. These authors considered high-level nets as models of
server based dynamic controllers in the framework of superyanufacturing systems and they assumed as theoretical basis
sory predicate control problems. of uncertain markings possibilistic logic. In our approach, on

Ozveren and Willsky [18] proposed an approach for buildinge contrary, we restrict our attention to purely logical models
observers that allows one to reconstruct the state of fink®/T nets) and we assume that all possible markings have equal
automata after a word of bounded length has been observe@bability.
showing that an observer may have an exponential number of
states. [I. BACKGROUND

The main drawback of the automata-based approach is the re-

quirement that the set of consistent markings must explicitly belen dt?nlstr?s:‘:ct)llcl):v’v;,xe g;?r\::adeasoer?ev\l/?;:gtdrig'ltl'ggrsn?gggil tt;?_
enumerated. It may be useful to pinpoint that on the contrary tHa ng Paper. ; L
ology on Petri nets, we then provide the definition of both

procedure we present in this paper simply produces an esti o o .
of the state, while the special structure of a Petri net perrm{gear. :_;md semilinear sets and we recall the main results on de-
to determine, using linear algebraic tools, if a given marking Fs'dab”'ty of home-space property.
consistent without the explicit enumeration of the (possibly in- )
finite) consistent set. A. Petri Nets
Finally, as an example in which state estimators have beerln this section, we recall the Petri net formalism used in this
used for fault diagnosis in systems represented as finite stptger. For a more comprehensive introduction to Petri nets see
machines, we mention the work of Wang and Schwartz [291L7]. A P/T netis a structur&’ = (P, T, Pre, Post), whereP
The purpose of the observer was in this framework not that isfa set ofn places 7’ is a set ofs transitions Pre: PxT — N
reconstructing the state of the system, but rather that of detectamgl Post: P x 1" — N are thepre-andpost-incidence functions
if the system is faulty and recognizing the fault type. that specify the arcs. Thiacidence matriof the net is defined
Very few works dealt with observability in Petri nets. As faasC(p,t) = Post(p,t) — Pre(p,t).
as we know, the first ones were [7] and [9] where the preliminary We definep® = {¢t € T | Pre(p,t) > 0} as the set of output
concepts discussed in this paper have been introduced. transitions of place.
Meda and Ramirez [15] used Interpreted Petri nets to modelA markingis avectod/: P — N that assigns to each place of
the system and the observer. The main idea is to start the ali?/T net a nonnegative number of tokens, represented by black
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dots. AP/T systenor net system{N, M) is a netNV with an thermore, there exist special classes of sets for which the home
initial marking M,. state property is decidable.

A transitiont is enabled al/ if M > Pre(-,t) and may fire  Theorem 5 [16]: The property of being a home space for
yielding the marking\’ = M + C(-, ). We write M[w)M’ to finite unions of linear sets having the same periods is decidable.
denote that the enabled sequence of transitiongy fire atA/
yielding M’ or, equivalently, we use the notatidd’ = w(M) [1l. M ARKING ESTIMATION

— —1 / —
and M = w—"(M’). Moreover, we denotes(M,) = M,. In this section, we present an algorithm for estimating the

Finally, we denotg ago '.{he sequence of null length. Thg Segtate of a net systefdV, M) whose marking cannot be directly
of all sequences firable iV, M) is denotedL(N, M) (this observed under the following assumptions:

is also called the prefix-closed free language of the net). If the h f th i :
firing sequencev is enabled ab/,, we also say that is a word A2) the structure of the neN = (P,T, Pre, Post) is

in L(V, M) known, while the initial marking\/, is not;
Letu: _Ot' + t., be a sequence ifi(N, My). The A3) the eventoccurrences (i.e., the transition firings) can be
- Q1Y Yyttt YO b) .
sequencey; = ta,,...,ts, Withi € Nandi < k is a prefix of observed. _
w of lengthz and we writew; < w. After w has been observed we define, the/sétw) of w con-

A marking M is reachablen (V, M) iff there exists a firing sistent markings as the set of all markings in which the system

sequencev such thatM[w)M. The set of all markings reach-May beg'ven the'observed behavior.
able fromM, defines the reachability set @V, M) and is de- ~_ Definition 6: Given an observed word, the set ofw con-
noted R(NV, My). S|ste_nt markingss M(w) ={M|IM e N" M'[w)M}.

A repetitivesequencey is such tha/ [w) M’ with A > M. Givenan evolution of the netl.,, [ta, ) Muw, [fa, ) - - -, We use
Then,V 4 > 1, w' is enabled af\/. A repetitive sequence the foIIowmg algorithm to compute the estimaig, of each
is said to benonstationaryif M[w)M’ with M’ > M: such actual markingM,,. based on the observation of the word of

a sequence strictly increases the token count of one or m&MENtSWi = ta,ta, = ta;-

places.
Three useful elementary facts about Petri nets that will #dgorithm 7 (Marking Estimation With Event
used in this paper are the following. Observation) .
Fact 1: 1. Let the initial estimate be Hwy = O
i) M < M' = L(N,M) C L(N,M’). 2. Let =1 _
ii) If w is enabled ab/ andM’ then:M — M’ = w(M)— 3. Wait untl ¢, fires. _
w(M"). 4. Update the estimate Pow,_, 1O g, with

iif) The reachability seRR(NV, My) is infinite iff there exists / _ )
a nonstationary repetitive sequencelifiV, Mg). Hoo, (P) = mex{jtes, . (P), Pre(p, ta, ) }-
Finally, we denote,,, (I,,,) am x 1 vector of zeros (ones). 5. Let ., = i, + C(-,ta,).
6. Let :=1¢+41.
B. Home-Space Property 7. Goto 3. m

Linear and semilinear sets were first introduced in [19] in

order to study some problems from formal language theory.  Note that in step 4. of the algorithm we update the previously
Definition 2: We say tha® C N™ is a linear set if there computed estimatg.,,_,, since the firing oft,, implies that
exists somd” € N™ and a finite se{V,..., V.,} CN™such a7, > Pre(-.t,. ). In the following, we will always denote
that the estimate computed by this algorithm after having observed
the wordw as fi.,.
} . The estimate computed by Algorithm 7 is a lower bound of

&= {V’ eN™V' =V 4+ > EiViwith k; € N
the actual marking of the net.

i=1

Proposition 8: Letw = t,,ta, --- € L(N, My) be an ob-

V' is called the base &, andV, ..., V,, are called its periods. served string andb its prefix of lenathi. Then
A semilinear seis the finite union of a family of linear sets. 9 1P gin.
A first result regarding decidability is the following. _ Vi, e, S uﬁu-ﬂ < My,
Theorem 3 [6]: Given a net systen{N, M) and a semi- ’
linear setf it is decidable ifR(N, My) N € = 0. Proof: Clearly ., <y, foralli. Alsot,, is enabled

Finally, we introduce the definition of home space [16] and aat Mo = M.,,,, henceM.,, > Pre(-,ta,) = piy,, -
important theorem that will be used when proving some prop-By induction, assumeg.,, , <y, < My, . Thenp,, =
erties of estimates. Py, + C(sta;) £ My, +C(-ta,) = My, . Finally,t,, , is
Definition 4 [16]: Let %S be a set of markings. We say thaenabled ai\/,,,, henceM,,, > Pre(-,t,,,). This implies that
HS is ahome space of a P/T neY, Mo) iff V M € R(N, Mo), M., (p) — iy, (p) = Mu,(p) — pw,(p) = 0if i3, (p) =
IM’ € HS such thatM’ € R(N,M). If HS is a singleton, i, (p) while M., (p)— i, ,, (p) = My, (p)—Pre(p,ta, ) 2
we call its unique element a home state. 0if 1z, () > e, (P)- O
Thus, a set of markingd S is ahome space if from any reach- It is possible to give an easy characterization of the set of
able marking it is possible to reach some markin@#. Fur- consistent markings in terms of estimate. Let us first consider
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the following lemma that states that the minimal initial marking To prove the second statement, we observe that
enabling a sequenee on a netV is w1 (). ep(Mwi o, ) = Mu(p) — to, () = Mu(p)
Lemma 9: Let w = to, ta, - - - ta, be a sequence of transi-— max{ji,, (p), Pre(p, ta,,,)}= min{My, (p) — tw,(p),
tions of a netV. Then,w € L(N, M) if and only if My > M, (p) — Pre(p,ta,,,)}= min{e,(Muy,, piw, )y Mw,(p) —
wil(ﬂw) = Hw — Z?:l C( ta;)- PTe(pataiH)}- U
Proof: (if) Let oy = ta,ta,,,  ta, be the suffix  Thus, it follows that also the estimation error is a monotoni-
of w of length £ + 1 — . We will show that for all cally nonincreasing function of the observed word length.
i, 07 (i) = g — 25 CCta,) = Pre(sts,).  Proposition 14: Letw = ta,ta, - -+ € L(NV, Mo) be an ob-
This implies thatw € L(N,w *(i)), hence (by fact served wordw; the prefix ofw of lengthi, andy..,,, andy,,, the
i), ¥V My > wp), w € L(N,M,). Clearly, estimate and the updated estimate\tif,. Then,V :

aljl(ﬂw) = Hw — C('atak) = I’L’lwk 2 PTG("tak)' By

inductio_nl, assume now thaf ! (pw) > Niui/ > Pre-,ta,,, ) (M, ;) > (M, ) = e(Mu,, s flu,,,)-

Then,o; ™ (pw) = 01+1(N'w) —C(ta,) 2 Fog, oy —C(ta;) 2

o, — Clsta;) = py, = Pre(s,ta,). Proof: This immediately follows from Proposition 18]
(only if) By contradictionLetw € L(N, My) with My (p) <

w™ (w)(p). Then (by fact Lii)w(Mo)(p) < p(p) and this IV. PROPERTIES OFESTIMATES

violates Proposition 8. | ) . N ]
This lemma leads to the following theorem. It is natural to ask under which conditions the estimated

Theorem 10:Given an observed word € L(N,M,) and Mmarking computed by Algorithm 7 converges to the actual

rithm 7, the set ofu consistent markingis Definition 15: Given a net syster@V, Mo), and a place €
P, we say that a woreh € L(N, My) is
Mw)={M e N" | M > py}. o p-completaf e,(M,,, pt,) = 0, i.e., if py,(p) = My (p);

¢ marking completéf w is p complete for allp € P.
Proof: w € L(N,M;) <= (by Lemma 9) Thus, amarking-complete word allows one to reconstruct the

Mo > w™ (1) <= (by fact Lii) My, > 1. O actual marking of the net.

Itis also possible to define a meaningful measure of the placeBased on this, we can define these properties of a net system.
estimation error, as the token difference between a marking andefinition 16: A net systemV, M) is:
its estimate in a given place.  marking observable (MO there exists a marking com-

Definition 11: Let us consider a place € P and an ob- plete wordw € L(N, My);
served wordw € L(N,Mo). Let M, and i, be the corre- . strongly marking observable (SM®)  steps if

sponding marking and its estimate. Tplace estimation error 1) v L(N. M) such thatw! > k. w is markin
inpis e,(My, jtw) = My(p) — 11,(p) and its update after the ) ccz)umf)let((e' o) tol 2 b w g

firing of £1S e (Mu, i) = M (p) = e (p)- _ 2) YV w € L(N,M,) such thatjw| < Fk, eitherw is
Analogously, it is possible to define a measure of the esti- marking complete 0B ¢ € 7 such that\o[wt)

mation error, as the token difference between a marking and its . .
estimate. In the aforementioned definitions, we note that the observ-

Definition 12: Given a markingZ,, and its estimatg.,,, the ability properties depend not only on the net structiyrebut
estimation errofis e(My, i) = 3 ep(Me, fing) = fT _also on the initial marking\/y, that we assume is unknown.
w w - PEP 'y ws w - m

(M, — 11,,) and its update after the firing ofis c( My, ji’,,) = Thus, it may seem that those properties have little significance
T Lf’(M v ) @riet per se. In effect, we will use the characterization of MO and
m w wt/*

I§_MO to define two more general properties that have greater
significance.
Definition 17: A net system( N, My) is

Note that the place estimation error is a monotonically no
increasing function of the observed word length.
Proposition 13: Let w = t4,ta, - -~ € L(N, Mp) be an ob-

served word andb; its prefix of lengthi. Then,v : and¥ p * uniformly marking observable (UMO)f Vv M ¢
R(N, My), (N, M) is MO;
ep(Muw,;, ;) 2 ep(Mu, ’“L'/wm) = ep(Mui, s ftwr,) (1) « uniformly strongly marking observable (uUSM@): steps
if VM € R(N, My), (N, M) is SMO ink steps.
and The properties of uMO and uSMO are important if we con-
sider the following problem: we consider a system whose ini-
ep(Mu,, 13y, ) = min {e, (Mo, s i, ), tial marking A, is known. Due to a communication failure the

My, — Pre(p,ta.,,)}. (2) System evolves unobserved. When the communication is re-es-
' o tablished, we can only be sure that the actual marking belongs
Proof: To prove the first statement, we observe thd the setR(:V,My). We want to know if the marking can be
by Proposition 8, (p) < . (p) < My (p), hence reconstructed starting from any of these reachable markings.
4 — Wit 1 — W; '

ep(Muw, s pw,) 2 ep(Mu,, po,. ). AISO ep(Mu,, 11,,,) = Definition 18: A net N is
(M, (p) =t ., (P))= (M, (p) + C(p, taiyy) = Hap,,, (P) — « structurally marking observable (sM@)it is MO for any
Cp.tar)= (M, (D) = i (D)) = (M1 s Hvi,)- initial marking My € N™;

Authorized licensed use limited to: Universita degli Studi di Napoli Federico Il. Downloaded on May 25,2020 at 13:18:34 UTC from IEEE Xplore. Restrictions apply.



1428 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 9, SEPTEMBER 2002

®__, ( > z@ with Algorithm 7. More precisely, each node of the OCG con-
DI tains a vectordd covering a marking of the net and an upper
P t, P2 t, P3 bound error vector: € N™. We will show that the OCG is
useful to prove observability properties.

Fig. 1. A net system that is not MO, but whose places are MO.

« structurally strongly marking observable (sSM@) x Algorithm 21 (Observer Coverability Tree)

steps if (N, My) is SMO in a number of stepk (that 1. Lét o = M. Label the initial node
depends oM, € N™). (Mo/uo) as the root and tag it “new”.
The properties of SMO and sSMO are even more general and!f “ew” nodes exist, select a new node
only depend on the net structuhé. (M/u) and: o
The aforementioned properties are related as shown in tifel: It (M/w) is identical to a node la-
following partial-order diagram: beled “old” then tag (M/w) “old” and go
to step 2.
sSMO — uSMO — SMO 2.2. If no transitions are enabled at M,
1 1 1 tag (M/u) “dead” and go to step 2.
sMO — uMO — MO. 2.3. For each transition t enabled at M
do the following:
Here,sMO — uMO means that if a nefV is sMO then 231 v p e P, if M(p) = w then let
(N, Mo) is uMO for all initial markingsM,. By means of r7(p) = M(p) and @(p) = u(p), else let
simple counterexamples, it is possible to prove that propertiegy () = M (p) + C(p,¢) and (p) = min{u(p), M (p) —
not in a partial-order relationship are uncorrelated. Pre(p,t)};
Note that sometimes, only the marking of a subset of placesp 3.2, on the path from the root to
can be reconstructed, thus making it necessary to introduce thgs /,,) if there exists a marking M < M
following definition. and M # M, ie, M is covered by M,
Definition 19: Given a net systeriV, M), aplacep € Pis  then let M(p) = w for each p such that
* MO if there exists g-complete wordv € L(N, My); M(p) > M(p);
* SMO ink, steps (wheré;, depends on the plagg if: 2.3.3. introduce (M/u) as a node, draw
1) Vw € L(N, My) such thatw| > k,, wis p-com- an arc with label t from (M/w) to (M/a),
plete; and tag (M/4) “new”.
2) YV w € L(N, M) such thatw| < k,, eitherwisp 2.4 Tag (M/u) “old” and go to step 2. L]

complete o8¢ € T such thathMy|wt).
Analogously, we can extend to a single placal the proper- _ )
ties of estimates previously defined for a net (system), namelyNote that its construction follows the well-known rules of
uMO, uSMO, sMO, and sSMO. For the sake of brevity, we omi coverability tree for a P/T net [17]. Also, we note that the
formal definitions. We highlight, however, the following impli-error-bound vector is set to the actual error for the root node

cations: and then it is updated as we add new nodes. Note, however, that
« V p, pis MO <= (N, My) is MO; whenever we reach a marking whose compoép) is w, the
. Vp:p is SMO (uMO,7uSMO, SMé, SSMO}=> (NN, M) error boundu(p) is not updated any more (see step 2.3.1).
is SMO (UMO, uSMO, sMO, SSMO). The observer coverability graplof a Petri net(N, My) is

N hat the first one only holds in on nse. In f v . L
ote that the first one only holds in one sense act, e V x E — V. Its node setl is the set of all distinct la-

if all places are observable, this does not imply that there exi tsl d nodes in the ob bility t q h .
one sequence that reconstructs the marking of all places. €led nodes In the observer coverabllity ree, and each arc in

. - .~ FEis labeled with a transition to represent a firing such that
Example 20:Let us consider the net systetW, My) in (M/u).£) = (M /u’), where(M /u) and(M' /') are inV.

Fig. 1. All places are MO but the net system is not MO. In facﬁl . . .
if #, fires, we reconstruct the marking of plagasandp,, but ote thatin the_(_)CG all tags us_ed in the construction of the ob-
ver coverability tree are omitted.

the net reaches a dead marking, thus making it impossiblesf%{N il al t the initial Kina b d
reconstruct the marking of plagg. Analogously, the firing € Wit aiso represent the initial marking by a round corner

of ¢, enables us to reconstruct the actual marking of placggx’ while a thick b_ox represents a marking whose estimation
error bound vector is = 0,,.

féciggﬁa’ct%; gf%(;dnl:l];?;r?g(;ﬂiadlock thus not enabling th Example 22: Let us consider the net systems in Fig. 2 and
' their OCG. Since the two nets are unbounded, in both cases
appears. The OCG of a bounded net is shown in Fig. 3. =
Let us demonstrate that the OCG of a P/T net has a finite
In this section, we show how to constructawserver cover- number of nodes.
ability tree and the correspondingpbserver coverability graph  Property 23: Let G be the OCG of V, M). The number of
(OCG)to represent both the set of reachable markings of a metdes inG is bounded by = v/ -Hpep(Mo(p) +1) wherev' is
system and the error of the estimate computed in accordative number of nodes in the usual coverability graptyéf Mo).

glabeled directed grapfi = (V, E) with transition function

V. OBSERVERCOVERABILITY GRAPH
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i) The place estimation erraf, (M., ) € [€(p), u(p)]
whereu(p) is the component af corresponding to place

' O p and
t p ty
Up) = u(p), if M(p) #w
0, if M(p) =w.
(@) (b) ii) The estimation error
P2
M.y, Nw Z f Z
pCl’ pCl’

Proof: We prove this by induction on the length of
i) Whenw = wy, i.e.,w is a word of null length( M /)
(MO/UO) andep( wgvuwg) = MO(p) -0= MO(p)

uo(p).
Assume that the property i) holds for award € L(N, M)
and leté((Mo/ug),w') = (M’ /). Lett be an enabled transi-

ps

(Je01/000

b tion atM,,, andw = w’t: in the OCG there will be a transition
& b §((M'/u'),t) = (M/w). We can consider two cases.
— /
107000 If M(p) # w, thenM,, = M'(p) # wand
ep(Miy ) =min{ep (Mo i), Mur(p) = Pre(p,t)}

© ) (d) =min{w(p), M'(p) — Pre(p,t)} = u(p).

Fig. 2. Unbounded Petri nets and their observer coverability graphs. where the first equality derives from (1), the second one from
the induction hypothesis, and the third one from step 2.3.1 of

Algorithm 21.
Pt 13 P2 If M(p) = w, then
t b
9 . : . T ep(My, py) =min{e,(Myr, pr ), My (p) — Pre(p,t)}
2
N 110/100 '020/000I |110/000 <ep(Mur s pr) < u'(p) = u(p).
’ t3 0 ts t b where the last inequality derives from the induction hypothesis,
P ' 10 1/10(ﬂ;'| 011/000 Eomoool and the last equality from step 2.3.1 of Algorithm 21.
K i) Immediately follows from the previous item. O
t t . . . .
1 ’ K § b Example 25: Let us consider again the net system in Fig. 2(a)

and its OCG. The estimation error relative to the node labeled
with (w/1) may be either null or unitary. If we consider =
titats thene, (M., 1) = 0, thus on the OCG we read an upper
bound of the estimation error. On the contragy,M,,, ti,) = 1
Fig. 3. Bounded Petri net and its observer coverability graph. is the exact estimation error for all wordssuch tha¥ w' < w,
[w'le, = fwle,. o
Proof: By virtue of Algorithm 21, the initial error bound Now,_let us consider the_ net system in F.'g' 2(b). Here, every

: - : : node with labelM (p; ) = w is also characterized hy(p; ) = 0,
vector is equal to the initial estimate, i.e.; = M. More-

i.e., the upper bound on the place estimation errgriis null.

over, by Proposition 14 the place estimation error is a mon
tonically nonincreasing function of the observed word Iengtr?herEfCJre in this case in each node of the OCG we can read the
actual place estimation error jn.

thus, the estimation error in the generic plac®ay assume at . .
mostMo(p) + 1 different values. It follows that the number of Finally, in the example in Fig. 3 No appears |rg be_lng the
A . net bounded, thus, in each nodés the exact estimation error
nodes inG is limited by the number of nodesg in the cover-
ability graph timed [, »(Mo(p) +1). o Vector "
Apart from the well known properties that can be studied
through the coverability graph of a P/T net [17], the OCG en-
ables us to study some more interesting properties. In this section, we discuss in detail the observability problem.
Proposition 24: Let G be the OCG of N, My). Givenw €  In particular, we provide necessary and sufficient conditions to
L(N, M,) consider the nodéM /«) reached on the graph ex-characterize the properties defined above and we also prove that
ecutingw, i.e., let(M/u) = 6((Mo/uo),w). The following all these properties are decidable. The OCG is a useful tool when
holds. dealing with some analysis problems.

y
200/100’ |002/000| |101/000 ts

141

VI. PROPERTIESANALYSIS
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A. Word Completeness In fact L(N, My) = UMO<MO L(N,My) < VYw €
An elementary necessary and sufficient condition for cord«V, Mo), 3IMy < Mo such thatw € L(N,Mo) <= (by

pleteness of a word is the following. Lemma 9)V w € L(N, Mo), 3 M such thathy > Mo >
Proposition 26: A word w € L(N, M) is: i) p-complete @™ ‘(i) <= (by Proposition 26y w € L(N, MO) w is not

iff Mo(p) = wL(uw)(p); i) marking completaff A, = complete«— (N, Mo) is not marking observable. O

W (). Checking for language inclusion is difficult (see [20]), thus,

Proof: The wordw is p-complete (resp., marking com-We look for simpler decision procedures. In particular, the OCG
plete) if and only ifM,,(p) = 1, (p) (respectivelyM,, = i), provides a simpler semi-decision (i.e., only sufficient) condition
i.e., if and only if My(p) = w_l(Mw)(p) = w (1) (p) for the marking observability.

(resp Mo = w (M) = w{pw)). Proposition 32: Let us consider a net syste(W, M) and
Example 27:Let us consider the net system in Fig. 3its OCGG.

The word w = ¢, is not marking complete because i) A placep is marking observablé there exists a node in

m, = [0 1 0] andt; () = [1 0 0]" < Mp. On G such thatu(p) = 0.

the contrary, the wor@y = t»t» is marking complete because ii) The net system isnarking observabléf there exists a

e, = [0 2 017 and[tata] (pee,) = [2 0 0]F = node inG such that: = 0,,,.

Mo. u Proof: It follows from the definition of marking observ-
Another semidecision procedure for completeness can dsility and from Proposition 28. O

given using the OCG. On the contrary, the OCG provides necessary and sufficient

Proposition 28: Let us consider a net systefW, My) and conditions for strong marking observability. Let us first demon-
its OCGG. Let (M /u) be the node iy reached executing €  strate, as an intermediate result, that the repeated firing of a
L(N, M), i.e.,(M/u) = 6§((Mo/uo),w) and let us consider a repetitive sequence does not decrease the estimation error.

placep € P. Lemma 33: Let (N, M) be a net system and let us assume
) If u(p) = 0 (resp.,u = 0,,), thenw is p-complete (re- thatthere exists a firing sequeneéthat enables a repetitive se-
spectively, marking complete). quencew, i.e., Mo[w') My [w) My, With My, > M. Then
i) If M(p) # wandu(p) # 0, thenw is notp complete, Vp € PandV i > 1, e,(Myrwis frwrwi) = Ep( M, o)
hence, it is not marking complete. Proof: While observing a sequeneg the error may de-
Proof: It follows from proposition 24. [0 crease only during step 4 of Algorithm 7, i.e., when we compute

Note that the OCG provides necessary and sufficient conéfie updating estimate.
tions for the completeness of a word only in the case of bounded-et ¢ be the first transition in the sequence If ¢ fires after
P/T nets, when does not appear in the graph. On the contrary/w’, in step 4 of Algorithm 7 we have/,, ., > Pre(-,?).
it only provides two distinct sufficient or necessary conditiongsing Proposition 13, it is easy to show that for all
for the completeness of a word in the case of unbounded nets. > 1(Myrpitt — frwitt) < (Mw i = Wy w i) thus
Example 29: Let us consider again the bounded net systeforw+1 = (Muwrwt = Murw') + By 2 Hypyiy 2
in Fig. 3. The OCG allows one to say that the ward= ¢, is Pre(:,t). Therefore,u!, 11, = fypitr, i.€., the estimate
not marking complete because its execution leads to (1 1 0/isgnot updated and the error remains constant each dinee
0), while the wordw = t,t, is marking complete because itgepeated after it has fired once. O
execution leads to (0 2 0/0 0 0). Proposition 34: Let us consider a net syste(w, M), its
Let us consider the unbounded net system in Fig. 2(a). If 'RCGG, and a place of V. The placep (resp., the net system)
considerw = titst2, w is complete but this is not deducibleis strongly marking observablie %, steps iff the error bound
from the OCG because its execution lead&ig1). m vector is such thati(p) = 0 (resp u = 0,,) for each node
Theorem 30:Let (N, M) be a net system and a word in  (M/w) in G such that: a) the nodgl//u) is in a cycle and b)
L(N, My). Itis decidable whethew is marking complete wrt the node(A/«) is dead. Moreover, if a) and b) are satisfied, it
to (N, My). is possible to computg, as the lengthof the longest directed
Proof: It follows from Proposition 26, because it is suf-ath that starts from the root, contains only intermediate nodes
ficient to determingu,, using Algorithm 7, and then computeWith u(p) > 0 (respectivelyy > 0»), and ends on a node with

W™ (). O u(p) = 0 (respectivelyy, = 0,,).
Proof: We prove the property for a single plage the

B. Observability proof for the net system trivially follows.

We first provide a necessary and sufficient condition for (if) By Proposition 23, the number of nodesgris finite and
marking observability. equal tov. Thus, any wordv of length greater or equal tomust

Proposition 31: The net systemiV, M,) is marking obsery- Pass through a cycle &, henceyw is p complete by assumption
ableiff a). Any word of length less thatthat leads to a dead marking

is alsop-complete, by assumption b). This is sufficient to show
L(N, Mo) 2 U L(N, Mo). that the place is SMO ik, steps withk;,, < v. The actual value
Mo< Mo of k, may be computed as suggested in the statement.

Proof: IngeneralL(N, Mo) 2 Uz, < s, LN, Mo). We
prove that the system is not observableiff the equality holds. IThe length of a path is given by the number of edges along the path.
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P1 tp p2 Pi ty p2 TABLE |

OBSERVABILITY PROPERTIES OF THENETS INFIG. 4
e . MO | SMO | uMO [uSMO| sMO | sSMO

3 t3 @ | x x X X X | —

® | x | — | x | — ] x | —

’ ©@ x | x | x| x| =] —

@ [ x — — —_ — —

p3 P3

@ (b)
t tp Proof: Decidability of the MO property follows from
@—4—’@3 @—»’—»@} Proposition 31 and the fact that language inclusion for free
Petri nets languages is decidable [8], [20]. Decidability of the
b b P P LR, SMO property follows from Proposition 34, since the OCG is
(© (d) finite. O

Fig. 4. P/T nets used in the examples.
C. Uniform Observability

(only if) We show this by contradiction, proving that if any In this section, we first provide necessary and sufficient con-
of the two conditions are violated the place cannot be SMditions for both uniform MO and uniform SMO. Then, we prove
Clearly, if condition b) is violated, the place is not stronglghe decidability of both these properties.
marking observable by definition. Now, let us assume that a)Let us first demonstrate an important lemma.
is violated. We now consider two subcases. Lemma 37: Let (N, M) be a net system. A plagee P is

i) Assume there exists a nod@//«) along a cycley of G observablan (N, M) iff at least one element in the semilinear
with M (p) # w andu(p) > 0. Then, there exists’ such S€t
thatM,,, = M ande, (M, p) = u(p) > 0. The cycle
~ corresponds to a word such that\{,, [w) M,,, i.e., by
Lemma 33 the infinite length sequeneéw’ may be fired
forall< > 0 without reducing the estimation error and the

) place is not SMO. _ _ = Pre(p,t),M > PTe(-,t)}) 3)

i) Assume that there exists a notl®//«) with M (p) = w '

and u(p) > 0 (we do not even need to assume it

is along a cycle). Then, consider the path along ttig reachable.

observer coverability tree that reachésf/«) from Proof: (if) Let w be a word inL(N, My). Let us consider
(Mo/uo) and let(M, @) be the first node we encountertwo subcases.

along this path withM (p) = w. Then, at step 2.3.2 of ) If M, € {M € N™|M(p) = 0}, then0 = M, (p) >

ApI{MGN"’IM(p)IU}U<U {M e N™ [ M(p)

tcp®

Algorithm 21, we have identified a marking/ such w(p) > 0, thus, M, (p) = pw(p).

that Mo[w') M[w) My and My = My (Mis i) If M, € {M € N™ | M(p) = Pre(p,t), M >
obtained from#,,+,, by changing inw the components Pre(-,t)} wheret € p*, thent may fire atM,, and since
greater that the corresponding components/f Also, M, (p) = Pre(p,t) the updated estimate g, (p) =
(Mo, prorw) = u(p) = u(p) > 0. Thus, by Lemma M, (p), hence M (p) = pur(p).

33 the infinite length sequene&w* may be fired for all (only if) We prove this by contradiction.
¢ > 0 without reducing the estimation error and the place |f no marking with AZ(p) = 0 is reachable, theiZ,,(p) >
is not SMO. 0V w € L(N,Mo), thus, the initial place estimation error is
O strictly positive. It may decrease only during step 4. of Algo-
Example 35: All net systems in Figs. 2 and 3 are MO but notithm 7. However, ifY w andV ¢ € p*, M,,(p) > Pre(p,t),
SMO. On the contrary, one example of strong marking obseithen 1./, (p) < M, (p), thus. the place estimation error keeps
ability (in one step) can be obtained if we consider the net positive. O
Fig. 3 with initial markingM, = [1 0 O]T [see Fig. 4(a)]. By virtue of the previous lemma, the study of uniform
Analogously, the net systems in Fig. 4(c) and (d) are MO, batarking observability reduces to the studyrmafhome space
only the net system in Fig. 4(c) is SMO (in one step). In thproblems.
case of the net system in Fig. 4(d), there exist arbitrarily long Proposition 38: A net system{V, My) is uniformly marking
sequences that are enabled at the initial marking, and that abservableff the semi-linear set4, given by (3) is a home

not complete. In facty s € N, w € t1(¢2)" is not complete. spacev p € P.
These results can also be read in Table | that summarizes all Proof: It follows from the previous lemma and the fact
observability properties of P/T nets in Fig. 4. m that a net systenV, My) is uniformly marking observable iff

Finally, let us discuss the decidability of these properties. each place € P is observable ifN, M),V M € R(N, M),
Theorem 36: It is decidable whether the net systém, M) i.e., iff the semi-linear set (3) is a home spate € P. O
is markingandstrongly marking observable Let us now consider the uniform SMO property.
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Proposition 39: A net system( N, M) is uniformly strongly two lemmas show that to prove that a place is observable for
marking observablenly if its reachability set is finite. all initial markings inN™, just a finite subset dN” needs to
Proof: If the reachability set is not finite, thenbe checked.
(by fact 1.iii) there exist wordsw’ and w such that Lemma42:Ifaplacep € P is observable idN, M) then it
Mow'Y My [w)My, With My, > M, This means is also observable iV, M)V M > M with M (p) = M(p).
thatw € L(N,M, ) N L(N,My.,), and (by Lemma 9) Proof: A placep is observable iV, M) if and only if
Myry = My > w (), thus (by proposition 26) the word 3w € L(N, M) such thatM [w)M’ and ju,(p) = M'(p). In
w is not marking complete witV, M,,.,). Also, we can have this casev M > M with M(p) = M(p), w € L(N, M) (by
words of infinite lengthw’ (for all i > 1) that are not marking fact 1.i) andM[w)M with M (p) = M'(p) = p.(p) (by fact
complete (by Lemma 33) thus the systém, A/,,,) is not 1.ii), i.e.,p is also observable iV, M). g
SMO and finally(/V, M) is not uSMO. O Lemma 43:Let N be a Petri net and letr, =
Example 40: The net systems in Fig. 4(a)—(c) are uMO. Inmax;cr Pre(p, t). Let
fact, in the first two case¥,p € Pthe se{M € N™ | M (p) = _
0} is always a home space. In the third case, thé¢ &gt N™ | MP = {Mf(P') =0, ifp’#p @)
M(p;) = 0} and the se{M € N™ | M(py) = Pre(ps, to) = ' M (p) = 1.
1, M > Pre(-,t2)} are home spaces. On the contrary, the net . . ) . .
system in Fig(. 4(£ is not uMO becausal € N™ | M(py) = A placep € Pis opbservgble iNN,M?y Vi e N, iff pis
OWU{M € N™ | M(ps) = Pre(pa, t2) = 1, M > Pre(-,12)} observable n(N,_Mi yfori = 1,.. oy L
is not a home space and thps is not uMO; in fact the net Proof: If p is observable in( NV, pr+1> then3w and
system(N, M) isnotMO atM = [0 2]" € R(N, My). t € p* such thath; . [w)M, M(p) = Pre(p,t), i.e., the
The net systems in Fig. 4(a) and (c) are uSMO. Obviouslffiting of the wordw reduces the number of tokens pin This
the net system in Fig. 4(b) is not uSMO, being not SMO. Anaimplies that for allAZf” with ¢ > r, + 1, the wordw may also
ogously, the net system in Fig. 4(d) not being uMO, it is also n@ite until we reach a marking\_f such thatAz’ > Mp and
uSMO. _ . _ " M) =0< 7. Sincep is observable ifN, M2 ), then it is
Theorem 41:It is decidable if a net systeqV, M) is uni- y .

; : also observable inN, M ) by Lemma 42. O
formly and strongly uniformly marking observable. Proposition 44: A Petri netN is structurally marking ob-
Proof: Let us first prove the decidability of uniform P ; y g

marking observability. Because of Proposition 38 it is suf‘ficieri;tervabIelff Vp € P, pis observable iR, M), whereM" is

to prove that the home-space property for the.4gis decid- efined asin (4)and=1,..., 7, + 1.

. . . Proof: By definition, a Petri netV is sSMOiffVp € P, p
aple. Let us Ql)_servg tha‘tp. € Pthe sem.|I|near setin (3) 'S is observable iRV, M)V M € N™. By Lemma 42 and Lemma
given by the finite union of linear sets having the same perio 3 it is however sufficient to check that eaels observable for
In fact, if we consider a generic plagg € P

the finite number of initial makings given in the statemeriil

Proposition 45: A Petri net N is strongly structurally
(M eN™| M(py) =0} = Z ;i€ | a; € N marking observabléf
itk a) N has no repetitive sequences;
{M e N™ | M(px) = Pre(py.t), M > Pre(-,t)} b) Vp € P,3t € T such that
. ity J L ifp=p
= P7’e(',t)+ZbiEi|bi€N P7c(p,t)—{07 if o £ p.

ik
L. ) ) ) ) ) Proof: (if) We will prove that a) and b) imply that for any
wheres; is theith-canonical basis vector of dimension Thus,  iitial marking M, in finite number of steps the net looses all

the decidability of the home-space property fgyimmediately jis tokens: this is a sufficient condition for SMO ¢N, Mp)
follows by Theorem 5. S by Lemma 37. In fact, if no repetitive sequences exist, for any
Second, let us prove the decidability of strong uniformyitial marking the length of all words firable is bounded, i.e.,
marking observability. Let us observe that if the necessagyier a finite number of firings the net reaches a dead marking.
requirement stated by Proposition 39 is satisfied, then th%rthermore, if assumption b) is verified, for each place
reachability set is finite and the uniform strong marking ihere exists a transitioh whose single input i and the
observability can be verified by proving the strong marking,responding arc weight is unitary, i.e.,titannot fire then

observability—that is decidable [9]—for a finite set of initialp|acep must be empty. Thus the dead marking must be the zero
markings. marking.
(only if) We prove this by contradiction.
Let us first assume that a) is violated, andudbe a repetitive
In this section, we provide necessary and sufficient conditiosequence. Clearly, for any > w=(y1.,), the wordw is not
for both structural and strong structural marking observabilitparking complete wr{ N, M) (by Proposition 26). Also, we
and we prove the decidability of these properties. can have words of infinite lengta® (for all i > 1) that are not
Proving structural observability, requires the study of thearking complete (by Lemma 33) thus the systé® M) is
system properties for all possible initial markings. The nextot SMO.

D. Structural Observability
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Second, we assume that a) is verified whilp € P such Definition 48: We assume that the set of placBscan be
b) is violated. We first observe that we can exclude the ewxitten as the union of+1 subsetsP = PyUP,U---UF, such
istence of transitions with no input arcs, because this wouldat P, N P; = §, for all j > 0. The number of tokens contained
violate condition (a). Then it is obvious that given the marking P; (j > 0) is known to beb;, while the number of tokens in
MY as in (4) (that contains one tokengirand zero tokens else- P, is unknown. For eact?;, let 7; be its characteristic vector,
where) no transition is enabled, thus the marking @fannot j.e.,v;(p) = 1if p € P;, elsev;(p) = 0. LetV = [0y, ..., %]
be observed. O andb = [by,...,b,]. We define the macromarking(V, b) as

Theorem 46:1t is decidable if a Petri nedV is structurally defined by the sefM e N™ | VIM = g}_
marking observable and structurally strongly marking observ-Npote that, as a special case}ifis a matrix of P-invariants,

able. _ o o then by definition
Proof: To prove thatV is sSMO it is sufficient to prove (by

Proposition 44) that all places are observabld M M) for R(N,M_)C {M e N™ | VT M = VTM_}

a finite number of initial markingg4,. The property of being

observable for a place is decidable because of Theorem 3 attbre VI M_ = b is known, thus a macromarking can also
of the characterization given by Lemma 37. approximate the info about the start markihfy..

To prove thatV is sSSMO it is sufficient to check by Propo-  Thus, we add to assumptions Al and A2 given in Section ||
sition 45 that no repetitive sequences exist (and this may tp following assumption:
checked with linear algebraic too_ls _given thglnet incid_ence ma- A3) the initial markingM, belongs to the macromarking
grllgcal\(r;%tgat.rt}k;(;gcett_srt]r)ucture satisfies condition b) (this may be (v, g), i.e., it satisfies the equatioi? My = b

yi ion).

Example 47:Being sMO and sSMO structural propertie:?
of the net, the same conclusions can be drawn for nets . .
Fig. 2(a)—(d), respectively. each actual marking/,,, based on the observation of th(_a \_N_ord

In particular, the net in Fig. 4(a) is SMO by proposition 440t eventsy; = taytay "~ Tay and of the knowledge of the initial
On the contrary, itis not sSSMO. In fact, if we consider the imtiarpacron’_narklngV(V, b). ) . _ .
marking in Fig. 4(b) the net system is not SMO. Algo_r_lthm 49: Markl_ng Estimation with Event Observation

The net\V in Fig. 4(c) is not SMO (thus, it is also not ssMo) and Initial Macromarking .

In fact, if we considet, = [0 2]%, (N, M) isnotMO. m 1. Letthenitial estimate bg.,, = Oy,

A final remark regards the classes of nets that are sSMO. Al-2- Let the initial bound b&8,,, = b.
though this property is rather easy to prove, the class of nets>- Let_i = 1 _
that satisfy this property is of little practical interest (they must 4- Wait untilz,; fires.
become empty and deadlock in a finite number of steps). Thed. Update the estimate.,, , to 1z;, with
property of structural MO, on the contrary, is more difficult to

Given an evolution of the nét/o[t,, ) M1 [ta,) - - -, We use the
mlowing algorithm to compute estimatg,. and boundB,,, of

prove, but s satisfied by a wider (more interesting) class of nets. P, () = max{ gy, _, (p), Pre(p, ta,)}-
6. Letyu,, = i, + C(- ta,;).
VII. M ARKING ESTIMATION WITH MACROMARKING 7.LetB,, = By, , — VT . (/“Liui — o).
In Sections 1I-VI, no information was assumed on the initial 8- Leti =4+ 1.
marking M, that originates the observed transition firings. It 9. Goto 4. u
is often the case, however, that partial information about thisNote that the estimate computed using this algorithm is the
marking is available. same of the estimate computed with Algorithm 7 and, thus, all

As an example, let us assume that the net starts its evolutio@bservability properties already discussed do not change.
a given time instant_ from a known markingl/_ (called start ~ Whatis new is the additional information given by the bounds
marking). After having evolved unobserved for some time, thibat will be used to characterize the set of consistent markings.
net reaches a markinty/, (called initial marking) from which ~ Theorem 50:Given an observed word € L(N, My) with
we begin the observation of the transition firings. Now, we knowitial macromarking V(V, 17), the corresponding estimated
that My € R(N,M_) and we could use this information tomarking x.., and boundB,, computed by Algorithm 49, the
better characterize the set of markings consistent with an @t ofw consistent markings ist(w | V,b) = {M € N" |
served wordy given the information on the start markingas V% .M = VT .y, + B, M > j1,}.
Proof: Let wy be the empty word. Therfldd € N* |
M(w | M_)={M |3 Mo € R(N, M_), Mo[w)M?}. VEM = VT pg+Buoy, M 2 g, y= {M eN" | V.M =
YT g +0— vT. g, M 2 N'zzzo}: iM € N" | v M =
The main problem with this is that this characterization & M > ju, }={M € N* | V- M = b} = M(wo | V. ).
given in terms of Petri net reachability (the initial marking By induction, let us show thabt(w | V,b)= {M € N" |
must be reachable from the start marking) that is hard to soie. > ., VY - M = VT . p,, + B, }= M(wt | V,b)=
Looking for simpler structures, we consider the case in whigl/ € N* | M > fu, YT M =VT . s + Bt }-

—

the knowledge of\/, can be written ad/, € V(V,b), where In fact, M(wt | V,b) = {M € N" | IM' € M(w |

-

V' is a macromarking defined as follows. V,b),M'> Pre(-,t),M = M + C(,t)}= {M ¢
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Nt | 3MO VT M = VT - By, M > e, M’ >

’ = = PLANT
Pre(-,t),M = M' + C(-,t)}. Y

Now, let 1, be the updated estimate 8f,, after¢ fires. F CONTROLLER w
Then,[M' > pw]| A [M' = Pre(-,t)] <= M' > u,. Fur- 2
thermore, with the notation of Algorithm 4%, + V% - 11, =
By + VT ol and g = i, + C(-,t). Hence M(wt | OBSERVER
Vb= {M e N" | IM' VT .M =VT . i, + By, M'> Ho By
oy M =M +C(, ) ={MeN"|VT . M=VT p,+

Fig. 5. State feedback control loop with observer.

BwtaM 2 Nwt} g
The previous theorem allows us to write a general optimiza-

tion problem of the form Corollary 53: With the notation of Algorithm 49

1) if P, = §, thenw is marking complete if and only if

max & - Mst.M € M(w | V,b) By =0, .
2) if Py # 0, thenw is marking complete only iB,, = 0,..

as a linear integer programming problem (IPP) We conclude this section with the following observation. In

Algorithm 49 by construction we are sure that forallt holds
max & - M e < M,,. However, if we are willing to pay the extra cost of
stVT M =VT .y, + B, solving m optimization problems of the form (5) at each itera-

M> ) tion, we may be able to update each componept,oin step 1.

ZHw- and step 6. of the algorithm as follows:
As an example, appropriately choosing the valu€,afuch fi(p) = min{M(p) | M € M(w | V,0)}.

an IPP can be used to compute the maximum over all consistent
markings of the tokens in the net @if= 1), and of the tokens in It is easy to show that this updated estimate is such that
a generic place; (if ¢ = &;).

Note that if we do not want to solve an integer linear program-
ming problem, it is possible to give ranges on the estimation er-
rors by simple inspection aB. VIII. CONTROL USING OBSERVERS

Theorem 51:Consider an observed word € L(N, My)

with initial macromarking/(V, b) the corresponding estimated In this section, we show how the marking estimate con-
marking /1., and boundB,, computed by Algorithm 49, and structed with the formalism discussed in Section VII can be

P=DP,UP, U---U P, with the notation of Definition 48 used by a control agent to enforce a given specification on the

plant behavior.
HVYMe M(w | VD), ZT< oM, pw) < uwherel = = \ye make several assumptions that are briefly discussed here.
max; B, (j), andu = 11 - B,, if Py =0, elseu = +oc.
(

» The specification is given as a set of forbidden markings
27 M € Mlo | VD) ey (O ) < vy wheren, = F. The set of legal markings i = N™ — F.
ep; Bu(j) if pi € P\ Py, elseu,,, = +oc.

min.

ilpi » The controller may disable transitions to prevent the plant
Proof: from entering a forbidden marking. From the knowledge
1) The first inequality immediately follows by definition of of 4., and B,,, the controller computes a control pattern

B,. Moreover,V'M = VT y, + B, thusVT(M — v:T — {0,1}. If 4(t) = 0 thent is disabled by the

ftw) = By andI? - VI (M — p,,) = 12 - By, If Py =0, controller.

thenl VT >1 E, thUSe(M, fhw) = T,Tn (M = ) < « All transitions are controllable, i.e., can be disabled by the

TZ-VT(M—uw) = 17". B,,. On the contrary, i?y # 0, controller.

then an arbitrarily large number of tokens can be added toThe considered control scheme is shown in Fig. 5.

Py, thus,u = +oc. Under the assumption that the initial marking, € £, the

2) By definition, each subsé?; such thap; € P; imposes a following algorithm may be used by the controller at each step
constraint of the forne,,, (M ) < By, (j) onthe place to ensure that markings if are not reached.
estimation error. Whep; belongs to more than one subset Algorithm 54: Let w be the observed word, andt(w |
of places, the resulting constraints should be satisfied &i-6) = {M € N* | VT - M = V7 - py + By, M > i},
multaneously, thus providing the above statement. On tWéere..,, and B,, are computed by the observer.
contrary, ifp;, € Py, no limit exists on the number of to-

kens that can be added tq,. for all teT
O  begin
Remark 52:1n the case of disjoint subsef3’s, I = v = (%) == 1;
7B, if Py =0, elsel = 17 - B,,.. if 3IM € M(w | V,b)n L such that MI[t)M’,

From Theorem 51, we have the following corollary thatM’ € F
shows how the bound,, may be used to prove that a woud then ~(¢) := 0;
is complete. end. [ ]
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Clearly, this algorithm prevents all transition firings that lead The methodology developed in this paper is applied to a
from £ to F but is not necessarily optimal, in the sense thaimple manufacturing example. Other examples can be found
it may also prevent transition firings that lead frafnto £. A in [7].
similar algorithm was also discussed in [11, Alg. 5.3] to ensure Example 56: Let us consider the net in Fig. 3 with initial
predicate invariance using state estimates computed by a tharkingMy =[1 1 1]T. This system may represent a pool
namic observer. of three machines. Each token represents a machine that may be

In general, it may be difficult to check the condition of thén any of three states: working (token in plagg), idle (token
if statement of the algorithm. However, wh#his a finite set in placep,), loading (token in placgs). We assume that the
the observer estimate may be used to verify this condition. $Recification on the system behavior requires that at most two
fact, we simply have to check whether there exists a markifigechines may be simultaneously working, i.e., the set of for-
M € M(wt | V,b) N F such thatt—}(M) € £, and this is bidden states i§ = {M € N° | M(p;) > 2}.
trivial given the characterization of Theorem 50. The initial macromarking/ (p.)+M (p2)+M (p3) = 3 cap-

We also would like to consider a special case in which a coil"®S our knowledge that there are three machines in the pool.
trol law different from the one presented above may be suitable!€ir initial state is, however, unknown.

Let the specification on the legal states be givenCby {M ¢ To represent the global behavior of the plant with observer
N7 | ST .M < ,;’} whereS = [3, ---5,] with §; € Z" and under control using Algorithm 55, we have represented the ob-

server reachability graph of the controlled plant with observerin
Fig. 6. The observer reachability graph has been constructed fol-
; lowing the same rules of Algorithm 21. We have also introduced
ered by various authors [10], [12], [24], anew label at each node so as to better highlight the effect of the

Ass_ume that the |n|'§|al_ markind, of the plar_wt does not nec control patterrny. Each node is now labeléd//«/B) whereM
essarily belong ta (this is a natural assumption when consid- . . .

. ) is the real markingy is a vector whose components, being the
ering error recovery problems). Then, given a markidgwe

may want to prevent the firing of transitigrsuch thath[£) M’ net bounded, coincide with the place estimation errors figl

hen the following t diti ifiod: the resulting bound.
when the foflowing fwo condrtions are vertiied. Note that, given: = M — i, the boundB can be immediately

k = [k - - k,] with k; € Z. This kind of specifications, that we
call generalized mutual exclusion constraihts/e been consid-

a) there exists; with 5; - M’ > k;,i.e, M’ € F; computed a3 = V7w, thus the addition of the new label does
b) 5; - M’ > 5; - M, i.e., the firing oft either leads to a not introduce significant variations on Algorithm 21.
violation of the constraint (if/ € £) or to a “worse”  Let us briefly discuss the graph in Fig. 6. The initial marking
violation of the constraint (ifld € F). is represented by a round corner box. A dashed box represents
In this case, the following algorithm may be used to compuemarking that cannot be reached because the transition firing
the control patterry at each step. leading to it is disabled by the controller (the corresponding

Algorithm 55: Let w be the observed word, ant(w | €dge is dashed). Athick box represents a marking reached by a
V,b) = {M e N* | VT-M = VT i+ By, M > 1}, where complete word, i.e.,u,, = 0 andB,, = 0: the future evolu-
110 andB,, are computed by the observer. L= {M e N~ | tion from such a marking is not shown. _
ST . M < E}_ Note that the transition firings disabled by the controller using
T Algorithm 55 in reality do not lead to forbidden markings: they
are disabled because there exist markings consistent with the
observation from which these transition firings would lead to

for all teT forbidden markings. This can be easily verified by looking at

S?Slrj: 1 the nodes within dashed boxes. In all these cases the vaitae of
ji= 1 ' in Algorithm 55 is equal to
Wg‘e"gem j<qand 5() =1 do 7= VTt B = VI (M—u)+B = M(p1)—u(p)+B = 3.
A::§?~C(~,t); : .
it AS0 then On the contrary, if the real marking would have been used to de-
begin termine _the control pattern, such a node would have been reach-
— . -, able, beingy” - M < 2. ]
m = lax {31 M| M e Mut|V, b)}' Let us finally observe that, since the controller may prevent
if m>k; then ~(t) :=0; the firing of transitions whose firing is perfectly legal, it may
end; also be the case that the controlled system is blocking.
J=i+1 A preliminary solution to this problem has been presented in
end; [7] and consists in the introduction of suitable recovery mech-
end. B anisms with arad hocreasoning. A more general procedure to

automatically recover the net from a blocking condition is given
in [1]. This approach is essentially based on a linear algebraic
Thus, a transition is disabled &f only if its firing leads to @ characterization of deadlock markings, that reveal to be useful
marking M’ such that for at least one constrajnts} - M’ > 10 derive additional information on the actual marking of the net,
57 - M (ie., A > 0) and there exists a consistent markib’  so as to improve the marking estimate, thus restricting the set of
in M(wt | V, b) that violates the constraint (i.e*;?M” > k;). w consistent markings.
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Fig. 6. Observer reachability graph of the controlled net system in example 56.
IX. CONCLUSION erties can be proved by reducing them to other decision prob-

Igms (e.g., home-space properties, marking reachability, exis-

marking of a P/T net based on event observation, assuming ice Of repetitive sequences) that can be checked using algo-
the net structure is known. We considered two cases: 1) the i{ims well known from the literature.
tial marking is not known and 2) the initial marking is known to Finally, we showed how the estimate generated by the ob-
belong to anacromarkingi.e., we know the token contents ofS€rver may be used to design a state feedback controller_, that
subsets of places but not the exact token location. ensures that the controlled system never enters a set of forbidden
We defined several observability properties and showed ti$4ates-
they are decidable. In particular, we considered two main prop-There are several ways in which this research may be ex-
erties:marking observabilityandstrong marking observability tended.
The first one means that there exists at least one word that igirst, we may consider the case in which not all transition fir-
complete, while the second one means that all words canipgs are observable, or there may be transitions that do not gen-
completed in a finite number of steps to a complete word. ~ erate distinct events. This may destroy the framework used in
We investigated the possibility that the two properties abotkis paper because in this case the marking estimate is not any-
are satisfied by a neY¥ starting from an initial marking,, by more a lower bound of the actual marking. However, in some
a netN starting from any marking/ reachable from an initial restricted case, e.g., when the firing of all unobservable transi-
markingM, (uniform observabilityor by a netV starting from tions does not change the total number of tokens, we believe it
any marking inN™ (structural observability wherem is the may be possible to extend the approach used in this paper.
number of places of the net. Second, we may associate a probabilistic structure to the tran-
We also introduced thebserver coverability graph.e., the sition firings. Then, given an initial marking/,, we may de-
usual coverability graph of a P/T net augmented with a vectfine a functionII: N — [0, 1]: II(k) denotes the probability
that keeps track of the estimation error on each place of the rtbat, after having observddevent firings, we obtain a complete
We proved that it can be a useful tool when proving some of teord. It would be interesting to study under which conditions
above properties. We also showed that many observability prape limit of TI(%k) goes to one a& goes to infinity.

In this paper, we dealt with the problem of estimating th
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